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Introduction

NTRODUCTION of advanced new materials and “smart” struc-

tures is strongly conditional on ability to assure their safety. In
the course of their service life, load-carrying structural systems
undergo damage which should be monitored with respect to occur-
rence, location, and extent. The new nondestructive test proce-
dures developed following the rapid advances in testing equipment
and techniques are mostly based on modal analysis and entail a rel-
atively large volume of measurements which limits their suitability
for practical application. Hence the need for a solution involving
minimal measurements.

Systematic methods put forward in recent years and combining
test data with analysis may be used for damage detection’as well.
Some of these (for example, Refs. 1 and 2) propose optimization
procedures for correcting the stiffness and mass matrix on the
basis of measured modes, irrespective of the physical meaning of
the connectivity. Others (like Refs. 3 and 4) offer mathematical
procedures which preserve the original connectivity and conse-
quently reduce the required volume of measurements. A closed-
form algorithm for precise detection, using test data and likewise
preserving the connectivity, is given in Ref. 5. This algorithm
identifies the damaged degrees of freedom (DOF) and then solves
a set of equations to yield the damaged stiffness coefficients. Its
drawback is that even a small number of damaged DOFs may
result in a large number of damaged stiffness coefficients with the
corresponding excessive measurement volume. Accordingly, this
Note presents a new algorithm which preserves the ratio of stiff-
ness coefficients besides the connectivity, and thus significantly
reduces the needed measurements. The algorithm identifies the
damaged members through very few measured modes, and is suit-
able for large structures with thousands of degrees of freedom. It is
suitable for framed structures in which the DOFs are disturbed by
the damage to the members rather than by that to the joints, so that
the algorithm should refer to the affected members instead of the
stiffness coefficients.

The algorithm is developed for the general case of damage in
both the stiffness and mass matrices, in which case static measure-
ments are for the former, and then dynamic ones for the latter.
Where only one matrix is damaged, either static or dynamic mea-
surements are called for in the case of the stiffness matrix, and
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only dynamic ones in that of the mass matrix. The present algo-
rithm is confined for framed structures (truss and beam members),
and does not address the issue of noise, as it is based on real test
data (which are assumed to be accurate).

Analytical Formulation
The procedure is based on the following equation:

[ARU &} = {yai} ey
where

[AR] = [AK] - w0, [AM]
, )
{ydi} = [mimMo - Ko]{q)zm}

K, and M, are the stiffness and mass matrices of the undamaged sys-
tem; AK and AM are the respective amounts of damage to the ma-
trices; ®;,, and ¢;,, are the measured ith frequency and ith eigen-
mode; and y,; is the force residue at all DOFs created by the damage.
The location of the damage is determined directly by identifying
the DOFs (j) whose force residue y; () is not zero. This can be
done through a single measured mode, provided the latter is
affected by the DOF in question. Since AR contains the unknown
stiffness and mass coefficients, it is desirable to rewrite Eq. (1) as

[CHAR } ={Zu} (€))

where AR is the unknown vector containing only the terms of
ARej appearing in the jth equation for which y,,(j) # 0. Z;; is the
vector consisting of the nonzero terms of y, and [C] the coeffi-
cient matrix consisting of the measured eigenmode parameters.

As the connectivity is assumed to be preserved, [C] can be
decomposed into uncoupled regions (of order N, N being the num-
ber of unknown stiffness coefficients for the current damaged
zone) which are solvable separately (see Ref. 5), with the attendant
significant saving in computer time. It should be noted that Eq. (3)
yields the exact AR vector provided the measured modes are
exact. However, the number of measured modes which are needed
for solving Eq. (3) is increasing with the number of DOFs of the
ends of the damage zone. For example, for a plane beam element it
may require up to four measured modes and for a space beam ele-
ment up to 12 measured modes (irrespective of the number of ele-
ments in the damaged zone).

In the case of a damaged stiffness matrix, a procedure based on
preserving the ratio of stiffness coefficients (meaning the effect of
damage is the same on all terms which are connected) makes for
significant reductions of the number of measured modes. Preserva-
tion of the connectivity, irrespective of where the modes are mea-
sured, yields the exact damage vector AR . By contrast, preserva-
tion of the ratio of stiffness coefficients implies that the damage is
uniquely distributed in between the measured damaged DOFs.
Hence, for the ratio to be preserved the damaged zone should be
exactly located, the modes are then measured at its ends and the
damage of the stiffness matrix, at each affected zone, is calculated
from

[Clysn i AE Y1 = {Zdi}N*l 4

(in the case where the mass matrix is also damaged, Eq. (4) is
derived from static measurements).

Since the coefficient ratios of the stiffness matrix are preserved,
{AK } can be expressed in terms of the damaged properties of the
members. In framed structures, these are EA, GJ, El}, and El,,
where E is the modulus of elasticity, G is the shear modulus, A is
the cross-sectional area, and J, 1,, I, are the moments of inertia in
the axial and transverse directions. For general case of a different
damage amount to each property, the local stiffness matrix of the
member (which comprised the submatrix for the jth end in the
member stiffness matrix) can be written as

(K] = (EA), K11y + (G [ Ko )y + (ELL )y (K30 + CED ) [Kade
&)
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Fig. 1 Kabe’s (Ref. 3) mass-spring system.
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Fig.2 Damaged cantilever beam.

where [K}],, are the member () submatrices whose nonzero terms
are (see Ref. 6)

Ki(1,1)=K,(4,4) =1/t (6a)
K;5(2,2) = K,(3,3) = 12/ (6b)

K3(2, 6) = K5(6,2) = =K, (3, 5) = =K, (5, 3) = 6/t (6¢c)
K;3(6, 6) = K,4(5,5) = 4/t (6d)

where ¢ is the length of the damaged member.
Next, the unknown stiffness vector can be expressed in terms of
the member properties as

{AK Yoy = [l AE ) gy 0

where {AE)} comprises the four properties (EA),,, (GJ),,, (EI}),p
and (EI),, for each member in the current damaged zone, of order
M = 4L (L being the number of members in the zone); and [V] is
the coefficient matrix comprising the stiffness ratio given in Eq.
(6). Actually, this matrix expresses preservation of the ratios of the
stiffness coefficients.

Substitution of Eq. (7) in Eq. (4) yields

[CEyspr « (AE  ppe1 = {Zgitam €]

where
[CElywas = [Clyon * [Wlyeps &)

The number of unknowns in Eq. (8) is thus reduced to M while the
number of equations remains N (N >>M). Where the measurements
are taken exactly at the ends of the damaged member, the addi-
tional equations (M + 1, M + 2, ..., N) are combinations of the first
M equations and only these need be considered. Otherwise, the

additional equations conflict with the first M equations and an
exact solution does not exist; but even then the first M equations
can give an indication of the damage. Provided the mode is
affected by all DOFs, the damage can be exactly located through a
single measured mode.

Ilustrative Examples

To illustrate the procedure and the efficiency of the method
based on preserving the stiffness ratio, two examples are provided.
The first example, reproduced from Ref. 3, is the string mass sys-
tem shown in Fig. 1. It contains eight DOFs and 14 spring ele-
ments. If all elements are damaged as in Ref. 3, the number of
damaged DOFs is eight and preservation of the connectivity yields
16 unknown stiffness coefficients. Since each mode contributes
eight equations, so that the number of needed measured modes is
at least two—but since the rank of the coefficient matrix [Eq. (3)]
is 15—smaller than its order, the actual number is three (eight
equations of the first mode, seven of the second mode, and one of
the third). By contrast, preservation of the ratios of stiffness coeffi-
cients results in 14 unknowns (EA of each spring element) and
only two measured modes are needed.

If only part of the spring elements are damaged, the number
may, in certain cases, be even smaller. For instance, when the
damaged element is element no. 1, the first two DOFs are damaged
with three unknowns [AK(1, 1), AK(1, 2) and AK(2, 2)], since in
this case, each mode contributes only two equations (the number
of corrupted DOFs), two measured mode are needed, but if the
stiffness ratio is preserved there is only one unknown (EA of ele-
ment no. 1) and a single measured mode suffices.

The second example deals with a plane cantilever beam repre-
sented by ten elements with two DOFs (translation and rotation) at
each nodal point (a total of 20 DOFs). Two different cases of a dis-
tinct damaged zone located at midspan (see Fig. 2)-—C-D of ¢/40
and C’-D’ of ¢/10—are considered. The first step involving loca-
tion of the damaged zone C-D (or C’-D’) by using the first mea-
sured mode and by trial and error, through shifting of the measured
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nodal points 5 and 6 (see Fig. 2), is carried out with reference to
the residue y,; [Eq. (2)]. Once the damaged zone has been exactly
located (represented by DOFs 7, 8, 9, and 10), the extent of the
damage can be sought. Preservation of the connectivity yields ten
unknowns for the stiffness coefficients [AK(7, 7), AK(7, 8), ...,
AK(10, 10)]. Since each measured mode contributes four equa-
tions, at least three of them are required. However, since the modes
are not necessarily mutually orthogonal over the damaged zone, it
happens that the rank of the coefficient matrix [C] is only 9 (while
its order is 10) and a fourth measured mode has to be considered
for the exact damage extent. It should be noted that under preser-
vation of the connectivity alone even if nodal points 5 and 6 (see
Fig. 2) are not at the exact ends of the damaged zone, the stiffness
[AK(, j)] are determined exactly through Eq. (4) (using four mea-
sured modes), but it is difficult to define the character of the dam-
age from these exact coefficients. Preservation of the stiffness ratio
besides the connectivity requires that the measured nodal points
coincide with the exact ends of the damaged zone. This yields a
single unknown (EI) and therefore only one measured mode is
needed. When the ends are not included, the stiffness ratio is not
preserved, but can be used as an indication as illustrated in Fig. 2.
In this figure, C-D (or C’-D’) is the real damaged zone and A and B
(or A’-B’) are the location of the measured nodal points (no other
point in between), D(EI) is the given extent of the damage to the
beam rigidity E/ (80% in the present case); and AD(EI) is the
extent calculated from the measured nodal points according to the
location of A and B (A’-B’). Apparently, when A and B are located
exactly at the ends (point 5 and 6), the exact extent is obtainable
[AD(EI/D(EI) = 1]. The further the nodal points are away from
the ends, the lower the predicted damage extent. The results are
shown for both different damaged zones £/40 (solid line) and ¢/10

(dashed line). It was also checked for different boundary condi-
tions and the results were the same indicating that it is a local phe-
nomenon.

Concluding Remarks

Preservation of the connectivity of the stiffness and mass matri-
ces yields a procedure for exact damage detection and location, but
the required numbet of measured modes can be prohibitive for
practical problems. By contrast, under preservation of the stiffness
ratio (which is perfectly reasonable when the measurements
include the ends of the damaged zone) no more than one or two
measured modes (which are affected by all DOFs) are usually
needed. Since the location is characterized by a single mode, the
exact ends can be included in it. The proposed procedure is highly
promising especially for large structures.
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